The three loop slope of the Dirac form factor and the 1S The last unknown contribution to hydrogen energy levels at order m 7 , due to the slope of the Dirac form factor at three loops, is evaluated in a closed analytical form. The resulting shift of the hydrogen nS energy level is found to be 3:016=n 3 kHz. Using the QED calculations of the 1S Lamb shift, we extract a precise value of the proton charge radius rp = 0 : 883 0:014 fm.
Precision experiments with hydrogen and, more generally, with hydrogen-like atoms serve as an excellent laboratory to test theoretical approaches to bound state QED (for a recent review see, e.g. [1] ). These experiments address a number of features of the simplest atoms, such a s the energy levels of the ground and excited states, and the corresponding lifetimes.
In recent y ears we h a v e seen remarkable progress in the experimental study of the hydrogen atom. In particular the accuracy of the 1S Lamb shift measurements has increased dramatically over the years [2{7] . All measurements are consistent with each other and the most accurate value so far was determined in Ref. [7] : E(1S) exp = 8 172 837(22) kHz:
(1) This result was obtained by analysing the most precise measurements for the transition frequencies in hydrogen (see [7] for details).
Theoretically, since the ratio of the electron mass m to the proton mass M is very small, it is convenient t o write hydrogen energy levels as a double expansion in and m=M. The corrections which survive in the limit M ! 1 are known as non-recoil corrections, the other corrections are called recoil ones. It is further convenient to organize non-recoil corrections in powers of n (Z) l , assigning an auxiliary notation Z for the proton charge. In this case the correction n (Z) l describes a contribution of all diagrams with l 3 Coulomb photons exchanged between the electron and the proton and with e-mail: melnikov@slac.stanford.edu y e-mail: timo@particle.physik.uni-karlsruhe.de n photons emitted and absorbed by the electron. The general expression for the nS-level shift can be written as: E = E non recoil + E recoil + E vp + E proton ; (2) where we h a v e also added a contribution of muons and hadrons to photon vacuum polarization and a contribution due to the proton structure (see a discussion below).
We begin with non-recoil corrections. These corrections can be parameterized as (see e.g. where m r = mM=(m + M) is the reduced mass of the electron and L = logm=(m r (Z) 2 ) and the function A(Z) contains all higher order terms in the expansion in Z. W e h a v e also indicated that the higher order corrections contain a logarithm of the ne structure constant in the third power [11] . All the terms in the above equation, with the exception for C 40 , are currently known. It is the purpose of this paper to report on the calculation of the last missing ingredient i n C 40 , the slope of the Dirac form factor at zero momentum transfer.
The hydrogen atom is formed because of a Coulomb interaction of the proton with the electron. The interaction of the virtual photon with the electron on its mass shell can be parameterized by the so-called Dirac and Pauli form factors: u(p 2 ) u(p 1 ) = u ( p 2 )
where the u(p) are the electron spinors in the initial and nal state and q is the momenta carried away b y the photon. The momenta satisfy the relation q = p 2 p 1 .
An important consequence of QED gauge invariance and the electron charge denition is that the Dirac form factor equals unity at zero momentum transfer F 1 (0) = 1, to all orders in the coupling constant. The Pauli form factor at zero momentum transfer describes an interaction of the electron spin with the homogeneous magnetic eld; it is the electron anomalous magnetic moment.
Let us now turn to the contribution of the Dirac form factor to hydrogen energy levels. The typical momenta of the Coulomb photon in hydrogen is given by the inverse Bohr radius q typ m, where m is the electron mass.
Compared to the electron mass, this momentum transfer is quite small and for this reason one can Taylor expand the Dirac form factor in powers of q 2 =m 2 . One obtains:
where, as we already mentioned, the rst term equals unity to all orders in the coupling constant. The slope of the Dirac form factor, F 0 1 in the above formula, can be written as a series in :
In this paper we consider the rst three terms in this series. Two things should be noted at this point. The rst and second order corrections to the slope of the Dirac form factor contribute to the coecients A 40 and B 40 in Eq.(3), respectively. Moreover, the one loop slope A 1 slope is not infrared nite, as can be seen from the fact that the term A 41 log() appears in Eq.(3). This infrared divergence gets removed if one takes into account that the electron is not on its mass shell in the bound state. In the language of the eective theories, the one loop slope in Eq.(4) corresponds to \hard" contributions to energy levels. Since the two and three loop slopes of the Dirac form factor are infrared nite, the o-shellness of the electron is irrelevant for these contributions.
Being divergent, the one loop slope depends upon the chosen regularization. In the present calculation we h a v e used dimensional regularization (the space-time dimension is D = 4 2 ) for both ultraviolet and infrared divergences.
Let us briey describe how the actual calculation of A 3 slope has been done. After applying a projection operator for the Dirac form factor on the electron-photon vertex and after performing the Taylor expansion in the photon momentum transfer, one obtains diagrams of the self energy type. There are four basic topologies which appear in this calculation, characteristic example diagrams are depicted in Fig.1 . For each of the topologies one writes down a system of recurrence relations obtained by the use of integration-by-parts [12] . Solving this system, it is possible to show that any i n tegral which belongs to the above topologies can be expressed through 17 master integrals. Luckily, these seventeen integrals have already been computed in the course of the analytical calculation of the electron anomalous magnetic moment [13] and hence can be taken from there. Let us mention, that as a c heck of the calculation, and in particular on our solution of the system of recurrence relations, we h a v e reproduced also the analytical value of the three-loop electron anomalous magnetic moment. Details of our calculation, including the results for the individual diagrams, will be presented in a separate publication.
Our result for the slope of the Dirac form factor is 1 : 
where a 4 = We n o w turn to the contribution of the slope of the Dirac form factor to hydrogen energy levels. It is easy to see that the slope of the Dirac form factor gives rise to a perturbation of the Coulomb potential: V slope (r) = 4 Z m 2 3 (r)F 0 1 : This perturbation delivers a nS-level energy shift: E slope = h (r)jV slope (r)j (r)i = 4Z m 2 F 0 1 j (0)j 2 : Here j (0)j 2 = ( m r Z) 3 =(n 3 ) is the square of the hydrogen wave function at the origin. The correction induced by the three-loop slope of the Dirac form factor is then 2 : 1 The rst correct numerical result on the two loop slope of the Dirac form factor was published in Ref. [14] . The analytical result was obtained in [15] . 2 In what follows numerical results are given in frequency units using E ! E=(2 h). Using the values for the Rydberg and the ne structure constant [16] cR 1 = 3 289 841 960:367(25) MHz; = 1 = 137:035 999 76(50); (9) we arrive at: E slope 3 Z 4 (n) = 3 : 016 n 3 kHz: (10) The contribution due to the slope of the Dirac form factor was the last unknown contribution to the hydrogen energy levels at order 3 (Z) 4 . The two other contributions to the coecient C 40 come from the three-loop electron anomalous magnetic moment and the three-loop vacuum polarization correction to the Coulomb propagator. These contributions can be extracted from the literature [13, 17] .
Taking all three contributions into account, we obtain the following expression for the coecient C 40 for the S-levels: C 40 = 679441 93312 252251 9720 2 + 4787 108 2 log2 121 72 3 27 log 4 2 0:417508; (11) which results in a three-loop correction to the nS-level Lamb shift: E 3 Z 4(n) = m 7 n 3 3 m r m 3 C 40 = ( 3 : 016 + 5:187 6:370) kHz n 3 = 1:83 n 3 kHz: (12) In the above equation we h a v e displayed the contributions due to the three-loop slope of the Dirac form factor, the three-loop anomalous magnetic moment of the electron and the three-loop photon vacuum polarization function separately to emphasize a strong cancellation which occurs between vertex and vacuum polarization corrections. Thanks to this cancellation, the correction turns out to be quite small numerically.
We n o w turn to other results available in the literature. For the coecients A ij and B ij in Eq.(3) we use 3 3 See Ref. [8] for reference to earlier work. Some of the numbers in Ref. [8] have been updated according to recent calculations in Refs. [18{20]. The value of the non-perturbative function A(1S)(Z) for Z = 1 is extracted from Ref. [21] for the self energy correction and from Ref. [9] for the vacuum polarization. The vacuum polarization eects due to muons and hadrons can be extracted from Ref. [25] and give E vp = 8:5 kHz for the 1S Lamb shift. The last contribution in Eq.(2) which has been not considered so far is the one due to proton structure. The major part of this correction to the Lamb shift is parameterized through the proton charge radius but there is also a proton self energy correction which g o e s b e y ond that approximation [24] . The complete correction reads: 
There are two dierent v alues for the proton charge radius r p = 0 : 805(11) fm and r p = 0 : 862(12) fm obtained in [26, 27] , respectively, b y analysing the electron proton scattering data. The smaller value, r p = 0 : 805(11) fm, seems to give a serious disagreement b e t w een precision atomic measurements and the theoretical predictions [29] . For this reason we do not consider it here. The data of Ref. [27] , on the other hand, was recently reanalized in [28] , where a normalization of the proton charge form factor at zero momenta transfer was also treated as a free parameter in the t. The analysis of Ref. [28] leads to a larger proton charge radius r p = 0 : 877(24) fm. The nal value for the 1S-shift strongly depends on the value of the proton charge radius: E(1S) theory = 8 172 778(16)(32) kHz; (14) E(1S) theory = 8 172 819(16)(66) kHz; (15) where the values are given for r p = 0 : 862(12) fm and r p = 0 : 877(24) fm, respectively. The rst error in all the above equations is the theoretical uncertainty due to still uncalculated higher order corrections to energy levels beyond the 7 order (see a discussion below). The second error is due to the uncertainty in the experimental values of the proton charge radius. The uncertainties in Rydberg and the ne structure constants are not relevant at the present level of precision.
Comparing these numbers with the most recent measurement of the 1S-level Lamb shift [7] E(1S) exp = 8 172 837(22) kHz: (16) we conclude that the larger values for the proton charge radius seem to give an agreement b e t w een the theory and experiment.
An important part of the error in E(1S) theory is due to uncalculated higher order corrections. For the 1S Lamb shift the uncertainty [29] was estimated to be about 40 kHz. This number is the linear sum of a 8 kHz uncertainty in the self energy correction, the 16 kHz uncertainty caused by the unknown 2 (Z) 6 terms and the 16 kHz uncertainty due to unknown 3 (Z) 4 terms. The result of Ref. [21] removes the rst uncertainty and our calculation of the three loop slope of the Dirac form factor removes the last one. The total uncertainty i n t h e theoretical predictions in the 1S Lamb shift is therefore reduced to 16 kHz.
Turning the problem around, we note that the small theoretical uncertainty on the 1S Lamb shift permits an extraction of the proton charge radius by comparing experimental and theoretical results. We then arrive at the precise value of the proton radius r p = 0 : 883 0:014 fm.
In conclusion, we h a v e computed the three-loop slope of the Dirac form factor. Thanks to this calculation the theoretical uncertainty in the predictions for the 1S Lamb shift is reduced. Comparison of the theoretical and experimental results for the 1S level shift permits an accurate determination of the proton charge radius. Further improvements in theoretical predictions for the 1S level shift would be possible if subleading 2 (Z) 6 log 2 corrections are calculated. Only then can the theoretical uncertainty be brought d o wn to several kHz and can the potential of the recent measurement of the 1S-2S transition frequency [6] be fully exploited.
